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Abstract. In this study, we address the meta-task scheduling problem in heterogeneous computing (HC) systems, which is to find a task
assignment that minimizes the schedule length of a meta-task composed of several independent tasks with no data dependencies. The fact
that the meta-task scheduling problem in HC systems is NP-hard has motivated the development of many heuristic scheduling algorithms.
These heuristic algorithms, however, neglect the stochastic nature of task execution times in an attempt to minimize a deterministic objective
function, which is the maximum of the expected values of machine loads. Contrary to existing heuristics, we account for this stochastic
nature by modeling task execution times as random variables. We, then, formulate a stochastic scheduling problem where the objective is
to minimize the expected value of the maximum of machine loads. We prove that this new objective is underestimated by the deterministic
objective function and that an optimal task assignment obtained with respect to the deterministic objective function could be inefficient in a
real computing platform. In order to solve the stochastic scheduling problem posed, we develop a genetic algorithm based scheduling heuris-
tic. Our extensive simulation studies show that the proposed genetic algorithm can produce better task assignments as compared to existing
heuristics. Specifically, we observe a performance improvement on the relative cost heuristic (M.-Y. Wu and W. Shu, A high-performance
mapping algorithm for heterogeneous computing systems, in: Int. Parallel and Distributed Processing Symposium, San Francisco, CA,
April 2001) by up to 61%.
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1. Introduction

Heterogeneous computing (HC) systems are one of the
emerging platforms to execute computationally intensive ap-
plications with diverse computing needs. One of the major
challenges for harnessing the computing power of HC sys-
tems so as to achieve high performance for applications is the
scheduling problem. In this study, we consider the meta-task
scheduling problem, which is to find a task assignment that
minimizes the schedule length of a meta-task (a set of inde-
pendent tasks with no data dependencies). The solution of the
meta-task scheduling problem, however, is not trivial and the
problem is NP-hard. Thus, many heuristic algorithms includ-
ing the fast greedy, min-min, and genetic algorithm [1], the
segmented min-min [2], and the relative cost [3] are devel-
oped.

The heuristic algorithms proposed for scheduling meta-
tasks in [1–3] rely on the expected values of execution times
of tasks. However, the actual execution times of tasks rarely
coincide with the expected ones in a real computing envi-
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ronment. For a task executing on a space-shared machine,
where the task has exclusive use of the machine, the differ-
ence between the actual and expected execution times can be
attributed to two factors: (1) All of the execution character-
istics of the task are not known or enumerated by its devel-
oper(s). (2) The time to access memory and disk is not deter-
ministic [4]. For a task executing on a time-shared machine,
on the other hand, additional non-determinism will be present
due to other tasks running on the same machine [5]. As a
result, if differences between actual and expected execution
times of tasks are significant, a scheduling algorithm such as
those in [1–3] will be misled while making scheduling deci-
sions, which may result in poor performance in terms of min-
imizing the schedule length of meta-tasks and errors in the
predicted performance of meta-tasks. A few studies [4,6,7]
have previously addressed this problem.

To illustrate the impact of uncertainty in the execution
times of tasks on the performance of meta-task scheduling
heuristics, suppose that a meta-task with two tasks, v1 and v2,
is to be scheduled onto a heterogeneous cluster of two ma-
chines, m1 and m2. In addition, table 1 shows the expected
and actual execution times of tasks on machines, where the
actual execution times are given in parentheses. The min-
min heuristic [1], for example, will assign v1 to m1 and v2 to
m2 based on the expected execution times, which results in a
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Table 1
Expected and actual execution times of tasks v1
and v2 on a cluster of two machines m1 and m2 (the

actual execution times are given in parentheses).

m1 m2

v1 5 (10) 10 (5)
v2 20 (10) 15 (20)

schedule length of 15 time units. This task assignment is in-
deed the optimal one. However, if the actual execution times
differ from the expected ones as shown in table 1, the previ-
ous task assignment is not optimal any more. Assigning v1 to
m1 and v2 to m2 will yield a schedule length of 20 time units,
while a shorter schedule length (10 time units) could have
been obtained if v1 and v2 had been assigned to m2 and m1,
respectively.

Motivated by these facts, our goal in this study is to come
up with an algorithm that can produce better task assignments
in terms of minimizing the schedule length under the condi-
tion that the actual task execution times are not equal to the
expected ones. As a first step, we model execution times of
tasks by random variables so as to take the variations in the
execution times of tasks into account. Based on the first step,
we formulate a stochastic scheduling problem where the ob-
jective is to minimize the expected value of the maximum of
machine loads. Then, we prove that this objective is under-
estimated by all scheduling algorithms [1–3] which attempt
to minimize the maximum of the expected values of machine
loads. We also prove that even an optimal task assignment
obtained by ignoring the variances in the execution times of
tasks could be far from the actual optimal solution. In order
to solve the stochastic scheduling problem posed, we develop
a genetic algorithm based scheduling heuristic and show by
extensive simulation studies that the proposed genetic algo-
rithm can produce better task assignments as compared to
those in [1–3] under different simulation scenarios. Specif-
ically, we observe a performance improvement on the relative
cost heuristic [3] by up to 61% in terms of minimizing the
makespan of meta-tasks, which is quite significant.

The rest of the paper is organized as follows. Section 2
presents a formulation of stochastic scheduling problem to-
gether with two theorems which reveal the impact of ignor-
ing the stochastic nature of task execution times on current
scheduling heuristics. In section 3, we introduce our genetic
algorithm. Section 4 proposes a way of computing the ex-
pected value of the maximum of machine loads, which is re-
quired by our genetic algorithm. We present our simulation
results in section 5. Finally, section 6 gives our concluding
remarks.

2. Stochastic scheduling problem

In this section, a formulation of the problem of stochastic
scheduling of a meta-task is presented. In addition, it is shown
that the optimization criterion on which current scheduling al-
gorithms are based can result in inefficient task assignments.

A heterogeneous computing system is assumed to be com-
posed of p heterogeneous machines; let M = {m1,m2, . . . ,

mp} denote a set of heterogeneous machines. A set of n tasks
with no data dependencies is assumed to be scheduled on this
system; let V = {v1, v2, . . . , vn} denote a set of indepen-
dent tasks (a meta-task). Since task execution times are typi-
cally non-deterministic, the execution time of task vi on ma-
chine mj is represented by random variable τi,j , 1 � i � n

and 1 � j � p, where E[τi,j ] = τ̄i,j and E[.] denotes the ex-
pected value of a random variable. In addition, random vari-
ables τi,j are assumed to be independent of each other simply
because the execution times of a task on different machines
and the execution times of different tasks are independent of
each other.

Suppose that a task assignment denoted by X is given. The
schedule length under task assignment X is defined to be:

TF (X ) = max
mj∈M

{∑
vi∈V

xi,j τi,j

}
, (1)

where xi,j is a binary variable: xi,j = 1 if and only if vi is as-
signed to mj ; xi,j = 0, otherwise. The stochastic scheduling
problem is defined to be:

min
X∈π

{
T̄F (X )

}
, (2)

where T̄F (X ) = E[TF (X )] and π = {X | X is a valid task
assignment} denotes all possible task assignments. The objec-
tive function given by (1) should be used in developing meta-
task scheduling algorithms. Most of the existing schedul-
ing algorithms, however, assume a different objective func-
tion from (1) simply because T̄F (X ) is difficult to compute.
The complexity of computing T̄F (X ) comes from the fact that
(1) random variables are not identically distributed, (2) the
summation of two random variables in (1) corresponds to
their convolution, which could be difficult to compute, and
(3) finding the probability density function of the maximum
of possibly many random variables in a closed form may not
be manageable.

It is worthwhile to note that, in [8], T̄F (X ) is derived as
follows under the simplifying assumption that task execution
times are identically, exponentially distributed.

T̄F (X ) = τ

[
n

p
+ H(p) − 1

]
, (3)

where τ = τ̄i,j , 1 � i � n and 1 � j � p, H(p) =
log(p) + γ and γ = 0.577215. . . is Euler’s constant.

Existing scheduling algorithms, including fast greedy and
min-min [1] and relative cost [3], attempt to find a solution to
the following problem.

min
X∈π

{
T̂F (X )

}
, (4)

where

T̂F (X ) = max
mj∈M

{∑
vi∈V

xi,j τ̄i,j

}
. (5)

Note that T̂F (X ) = τ
 n
p
�, which is different from T̄F (X )

in (3) under the same assumptions.



GENETIC ALGORITHM BASED SCHEDULING OF META-TASKS WITH STOCHASTIC EXECUTION TIMES 179

In the literature, several scheduling algorithms using (5)
as the objective function to be minimized are shown to per-
form well provided that task execution times are determinis-
tic. However, in the following, we prove that using objective
function (5) may lead to poor task assignments if task execu-
tion times are not deterministic. It should be noted that the
following two theorems were previously stated in [6]. Sim-
pler proofs, however, are presented in this study.

Theorem 1. T̄F (X ) � T̂F (X ), that is, the expected value of
actual schedule length T̄F (X ) is underestimated by T̂F (X ).

Proof. TF (X ) is a nondecreasing and convex function of
random variables τi,j , since max is a nondecreasing and con-
vex function. With respect to Jensen’s inequality, the follow-
ing is true,

E
[
f (Y )

]
� f

(
E[Y ]),

where Y is a random variable with finite mean and f is a
convex function. Using Jensen’s inequality together with the
linearity property of expected values,

T̄F (X )=E

[
max
mj∈M

{∑
vi∈V

xi,j τi,j

}]

� max
mj∈M

{
E

[∑
vi∈V

xi,j τi,j

]}

� max
mj∈M

{ ∑
vi∈V

xi,jE[τi,j ]
}

� T̂F (X ). �

Theorem 2. Given that X̂ ∗ is an optimal task assignment of
problem (4), the expected value of actual schedule length due
to X̂ ∗ can be greater than the one due to X ∗, which is an
optimal task assignment of problem (2).

Proof. For the proof of this theorem, it is sufficient to pro-
vide an example for which the statement made in theorem 2
holds.

Suppose that two tasks will run on two heterogeneous ma-
chines. The probability density functions of task execution
times are assumed to be fτ1,1(t) = 0.01e−0.01t , fτ1,2(t) =
0.02e−0.02t , fτ2,1 (t) = 0.02e−0.02t , and fτ2,2(t) = 0.1e−0.1t ,
where t � 0. For this scenario, table 2 shows the four possible
task assignments and their corresponding T̄F (X ) and T̂F (X ).

According to table 2, optimal solutions of problem (2)
and (4) are different and given by the fourth and third task
assignments in the table, respectively. From the last column
of the table, the optimal solution of problem (2) will result in
a schedule length of 60 time units, whereas the optimal solu-
tion of problem (4) will lead to a schedule length of 75 time
units. As a result, theorem 2 holds. �

Theorem 2 implies that an optimal solution with respect
to (5) obtained by an exhaustive search may not be the ac-
tual optimal solution and thus may result in a schedule length
arbitrarily larger than the actual optimal schedule length.

Table 2
T̄F (X ) and T̂F (X ) for the four possible task assignments. The
optimal solution of problem (2) is (v1,m2) and (v2,m2), and

the optimal solution of problem (4) is (v1,m2), (v2,m1).

Task assignment T̂F (X ) T̄F (X )

(v1,m1), (v2,m1) 150 150
(v1,m1), (v2,m2) 100 101
(v1,m2), (v2,m1) 50 75
(v1,m2), (v2,m2) 60 60

1. initial_population_generation();
2. fitness_evaluation();
3. while (population is not converged)
4. selection();
5. crossover();
6. mutation();
7. fitness_evaluation();
8. endwhile.

Figure 1. The genetic algorithm implemented.

3. Meta-task scheduling by a genetic algorithm

In this section, a genetic algorithm for scheduling meta-tasks
is presented. A genetic algorithm can inherently use different
objective functions, one at a time, by modifying only the fit-
ness evaluation phase. Thus, it is perfect to study the impact
of using optimization criterion (1) instead of (5).

Genetic algorithms (GAs) [9] are heuristic search tech-
niques that are founded upon the principle of evolution, i.e.,
survival of the fittest. Basically, any solution in the search
space of an optimization problem is represented by a chromo-
some, where a set of chromosomes is referred to as a popula-
tion. The quality of a chromosome is determined by a fitness
function, which is the problem-dependent objective function
to be optimized. Three genetic operators, namely selection,
crossover, and mutation, are then applied one after the other
to obtain a new population (generation) of chromosomes in
which the expected quality over all the chromosomes is better
than that of the previous generation. This process is repeated
until the population is converged. Specifically, figure 1 shows
the structure of the GA [10] implemented in this study and the
details of each step is explained below.

3.1. Chromosome representation

A chromosome is basically a data structure into which a so-
lution of the meta-task scheduling problem will be encoded.
Determining this data structure is the first and very important
step towards implementing an efficient genetic algorithm.

In this study, a chromosome is designed to be a list of
n elements where the ith element of the chromosome de-
notes the machine on which task vi is assigned. Let Ck =
{mk

1,m
k
2, . . . ,m

k
n} denote the kth chromosome in which

task vi is scheduled to mk
i .

3.2. Initial population generation

GAs use a population of chromosomes so as to search for an
optimal solution starting from a number of initial solutions.
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This set of initial solutions is referred to as the initial popu-
lation. We let Np denote the number of chromosomes in the
initial population, namely population size, and the population
size is kept fixed through the generations of the population.

An initial population is randomly generated as follows:
(1) A set of basis chromosomes is generated first. If the fit-
ness of chromosomes is determined according to objective
function (1), two basis chromosomes are generated by the
fast greedy heuristic [1] and a random task assignment al-
gorithm which assigns each task to a randomly chosen ma-
chine, respectively. This genetic algorithm will be referred to
as the stochastic genetic algorithm (SGA). On the other hand,
if objective function (5) is employed to compute the fitness of
chromosomes, four basis chromosomes are generated by the
fast greedy, min-min [1], relative cost [3], and random task as-
signment heuristics, respectively. This genetic algorithm will
be referred to as the deterministic genetic algorithm (DGA).
(2) A new chromosome other than basis chromosomes is gen-
erated: One of the previously generated chromosomes is ran-
domly picked and mutated a random number of times (be-
tween one and the number of tasks) using the mutation op-
erator defined later. (3) If the newly generated chromosome
is identical to any of the previously generated ones, it is dis-
carded. The process of chromosome generation is repeated
until Np unique chromosomes are generated.

3.3. Fitness of a chromosome

The fitness value of a chromosome is computed according
to T̄F (X ) in SGA and T̂F (X ) in DGA, as explained before.
Thus, a chromosome with a small value of fitness is fitter than
the one with a large value of fitness. Note that computing the
actual schedule length T̄F (X ) is not trivial and will be ad-
dressed in section 4.

Both SGA and DGA incorporate elitism [11] as well. Af-
ter the fitness evaluation process, the best chromosome of the
current generation is found and compared against the elite
chromosome, which is the fittest chromosome of the all pre-
vious generations and kept separately from the population. If
the best chromosome is better than the elite chromosome, the
best chromosome is copied to the elite chromosome. Other-
wise, the worst chromosome in the population is replaced by
the elite chromosome. Elitism is important because it assures
that the quality of the best solution found over generations is
monotonically increasing.

3.4. Selection

The selection operator is used to choose chromosomes from
the current population to a mating pool where the fittest chro-
mosome has the best chance of being selected, and so on.
In the literature, several selection techniques, including pro-
portionate, ranking, and tournament selection, have been pro-
posed [12]. Since the ranking selection is shown to be a good
choice in [12] in terms of growth ratio, takeover time, and
time complexity, we choose the ranking selection as the se-
lection operator.

In the implementation of the ranking selection, chromo-
somes are first sorted from best to worst with respect to their

fitness values and each chromosome is assigned a rank be-
tween 1 and Np, where the first ranked chromosome is the
best chromosome. After that, the roulette wheel sampling
scheme is used to choose chromosomes for the mating pool.
In the roulette wheel sampling, a slot on the wheel is allocated
to each chromosome where the size of the slot depends on the
rank of the chromosome. Specifically, the angle of the slot
allocated to the ith ranked chromosome, which is denoted by
Ai , is defined to be [13]:

Ai = 360
A − 1

ANp − 1
ANp−i , 1 � i � Np, (6)

where A = Ai/Ai+1, 1 � i < Np, is constant and is greater
than one. Note that the first ranked chromosome will have
the greatest slot, and so on. During the selection, a random
number uniformly distributed between 0 and 360 is generated.
This number falls in a slot on the roulette wheel and a copy
of the chromosome associated with that slot is included in the
mating pool. This process is repeated Np times. Note that
it is possible for a chromosome to appear more than once in
the mating pool. After the selection is over, chromosomes
in the mating pool will be subject to crossover and mutation
operators so as to form the next generation.

3.5. Crossover

The crossover operator is implemented as follows: (1) Chro-
mosomes in the mating pool are randomly paired where a
chromosome can be part of just one pair. (2) A pair of
chromosomes, say Ci and Cj , is taken from the mating pool.
Each pair will be considered for crossover separately and only
once. (3) The crossover operator is applied to the chosen pair
with probability µc, which is the probability of crossover.
This parameter is experimentally determined. (4) For the pair,
a cut-off point, which divides chromosomes Ci and Cj into top
and bottom parts, is randomly generated. (5) Two new chro-
mosomes are generated; the machine to which task vk in the
bottom part of Ci (Cj ) is assigned is changed to the machine
to which task vk is assigned in Cj (Ci). These two new chro-
mosomes are put back into the mating pool.

3.6. Mutation

The mutation operator is implemented as follows: (1) A chro-
mosome is chosen from the mating pool. Each chromo-
some will be considered for mutation separately and only
once. (2) The mutation operator is applied to the chosen
chromosome with probability µm, which is the probability
of mutation. This parameter is experimentally determined.
(3) A new chromosomes is generated; machine assignments
of randomly chosen two tasks are swapped. This new chro-
mosome is put back into the mating pool.

After mutating chromosomes in the mating pool, the chro-
mosomes in the mating pool constitute the next generation.

4. Computation of T̄F (X )

In order to compute T̄F (X ), the probability density functions
of random variables τi,j , 1 � i � n and 1 � j � p, are re-
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quired. These probability density functions may be estimated
by using a technique such as the kernel density estimation
method [14]. In this study, however, each random variable
is associated with an approximate probability density func-
tion which has the same first and second moments as the cor-
responding exact probability density function. The rationale
behind using approximate probability density functions is to
take the variations in the execution times of tasks into account
without dealing with the estimation of the exact ones while
making scheduling decisions. Note that first and second mo-
ments can be easily determined by off-line execution of tasks
several times on target machines. Furthermore, first moments
(means) are also needed in existing scheduling algorithms.

In terms of approximating a probability density function,
for the purposes of this study, any probability density function
with a variable coefficient of variation, such as the Gamma
distribution, can be assumed. However, in order for T̄F (X )

to be computed relatively easily and for the sake of analyti-
cal tractability, the branching Erlang distribution [15] is em-
braced. That is, the exact probability density function of τi,j
is approximated by a branching Erlang distribution with the
same first two moments as the exact one. Note that the same
technique is also used in the analysis of Markovian queuing
systems if the service time distribution of a server (or the
inter-arrival time distribution of customers) is not an expo-
nential distribution.

Let Y be a random variable and fY (t) be its probability
density function. Let σ 2

Y and υY = σY
E[Y ] denote the vari-

ance and coefficient of variation of random variable Y , re-
spectively. For the given values of E[Y ] and υY of an exact
probability density function, following branching Erlang dis-
tributions (fY (t)) are used to approximate it. If υY � 1, fY (t)
is assumed to be:

fY (t) = aλe−λt + (1 − a)λk

(k − 1)! tk−1e−λt , (7)

where

k =
⌈

1

υ2
Y

⌉
, a =

2kυ2
Y + k − 2 −

√
k2 + 4 − 4kυ2

Y

2(k − 1)(υ2
Y + 1)

,

λ = k − a(k − 1)

E[Y ] ,

and t � 0. fY (t) is a function of k, a, and λ (fY (t) =
f1(k, a, λ)). If υY > 1, fY (t) is assumed to be:

fY (t) = aλ1e−λ1t + (1 − a)λ1λ2

λ2 − λ1

(
e−λ1t − e−λ2t

)
, (8)

where

a = υ2
Y

(
1 −

√
1 − 2

1 + υ2
Y

)
,

λ1 =
1 +

√
1 − 2

1+υ2
Y

E[Y ] ,

λ2 =
1 −

√
1 − 2

1+υ2
Y

E[Y ] ,

and t � 0. fY (t) is a function of a, λ1, and λ2 (fY (t) =
f2(a, λ1, λ2)).

Assuming (7) or (8) as the probability density functions
of task execution times, the approximate probability density
function of random variable TF (X ) must be computed next.

TF (X )= max
mj∈M

{∑
vi∈V

xi,j τi,j

}

= max{Y1,Y2, . . . ,Yp},
= max

{
max{Y1,Y2},Y3, . . . ,Yp

}
= max{U2,Y3, . . . ,Yp}
...

= max{Up−1,Yp} = Up, (9)

where Yl = ∑
vi∈V xi,lτi,l , 1 � l � p, is the total load on ma-

chine ml and Ul = max{Ul−1,Yl}, U1 = Y1 and 2 � l � p,
is the maximum of machine loads from the first machine to
the lth machine.

The computation of approximate probability density func-
tion fYl

(t) of random variable Yl , 1 � l � p, can be done
as follows. Since random variables (τi,j ) are assumed to be
independent of each other,

E[Yl] =
∑
vi∈V

xi,l τ̄i,l and σ 2
Yl

=
∑
vi∈V

xi,lσ
2
τi,l
.

After the expected value and variance of Yl are computed,
υYl

is computed. Based on the value of υYl
, either (7) or (8)

is assumed to be fYl
(t).

From probability theory [16], the probability density func-
tion of random variable Ul = max{Ul−1,Yl}, 2 � l � p, can
be computed as

fUl
(t) = fYl

(t)FUl−1(t) + FYl
(t)fUl−1 (t),

where FYl
(t) = ∫ t

0 fYl
(t) dt and FUl−1(t) = ∫ t

0 fUl−1(t) dt .
Once fUl

(t) is computed, its expected value and coefficient of
variation are computed. With respect to its value of coefficient
of variation, either (7) or (8) is assumed to be fUl

(t). Note
that, since fYl

(t) and fUl−1(t) can be either (7) or (8), there
are four possible ways to express fUl

(t), each of which is
derived in appendix A.

In order to compute approximate probability density
function fTF (X )(t) of random variable TF (X ), note that
TF (X ) = Up. That is, fTF (X )(t) can be found by applying
the max function (p − 1) times. After fTF (X )(t) is found,
the expected value of TF (X ) is computed as E[TF (X )] =∫ t

0 tfTF (X )(t) dt .

5. Experiments

Our goal in the experiments is to study if using T̄F (X ) in-
stead of T̂F (X ) while making scheduling decisions will make
a difference in terms of minimizing the schedule length of
meta-tasks.

In the experiments, the number of machines is set to ei-
ther 25 or 50 and the number of tasks ranges from 50 to 250
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Figure 2. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for low task, low machine heterogeneity under RC and SGA for
p = 25.

with the increments of 50. The expected execution times of
tasks on machines are generated by using the method pro-
posed in [17] and they are stored in an n by p ETC matrix,
where ETCi,j = τ̄i,j , 1 � i � n and 1 � j � p. For
all ETC matrices generated, µtask = 100, µmach = 100,
Vtask = 0.25 and 1.0 for low and high task heterogeneity,
respectively, and Vmach = 0.25 and 1.0 for low and high ma-
chine heterogeneity, respectively, where µtask, µmach, Vtask,
and Vmach are the parameters defined in [17]. In each exper-
iment, in addition to ETC matrix, an n by p ECV matrix is
generated as well, where ECV i,j = υτi,j , 1 � i � n and
1 � j � p. As a result, an approximate probability density
function is well-defined for each random variable τi,j with
respect to (ETCi,j , ECV i,j ). Furthermore, ECV matrix is
generated in such a way that we can model different comput-
ing platforms including the ones where actual task execution
times are close to their expected values or they significantly
vary from their expected values. In this study, we consider
only three distinct computing platforms with respect to ECV:
In the first computing platform, ECV i,j � 1 is assumed for
each task-machine pair. In the second computing platform,
75% of task-machine pairs are assumed to have low coeffi-
cient of variations (ECV i,j � 1) and 25% of them have high
coefficient of variations (1 < ECV i,j � 2.5). Finally, in the
third computing platform, 50% of task-machine pairs are as-
sumed to have low coefficient of variations and 50% of them
have very high coefficient of variations (1 < ECV i,j � 5).
The first, second, and third computing platforms will be re-
ferred to as the system with low, medium, and high variability,
respectively.

With respect to the genetic algorithm presented, Np is
taken as 100 and A, µc, and µm are set to 1.1, 0.6, and 0.2, re-

spectively. The genetic algorithm is stopped if the number of
generations has reached to 1000, or if the elite chromosome
has not changed in the last 100 iterations.

In our experiments, we perform two distinct comparisons,
namely SGA versus relative cost (RC) [3] and SGA versus
DGA. During the comparisons, ETC and ECV matrices are
first generated. Then, the corresponding heuristic is run to
obtain a task assignment. Note that SGA needs both ETC and
ECV to work, while RC and DGA need only ETC. Finally,
the makespan of the task assignment output by the heuristic
is find out by generating a simulated actual execution time
for each task on its assigned machine using the Gamma dis-
tribution. This last step is repeated 25 times, keeping the
task assignment fixed, and the average makespan over these
repetitions is taken as the makespan of the task assignment.
The Gamma distribution is used for simulated actual execu-
tion times due to the fact that the Gamma distribution can
approximate other well-known distributions, including expo-
nential, Erlang, and normal (without the negative values) dis-
tributions, and achieve any specified value of the coefficient
of variation with the proper choice of its parameters. Thus,
assuming the Gamma distribution increases the possibility
that the simulated random variables could be synthesized to
closely model some real life computing environments.

5.1. SGA versus RC

In this section, we present our simulation results for the com-
parison of SGA with RC, since RC is the best meta-task
scheduling heuristic in the literature to the best knowledge
of authors. These results are shown in figures 2–9, where
(1) each set of three figures, from top to bottom, shows the re-
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Figure 3. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for low task, low machine heterogeneity under RC and SGA for
p = 50.

Figure 4. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for low task, high machine heterogeneity under RC and SGA for
p = 25.

sults for a system with low variability, a system with medium
variability, and a system with high variability, respectively,
(2) each set of four bars, from left to right, corresponds to
the average schedule length of the RC, the average sched-
ule length of the SGA, the standard deviation of the sched-
ule length under the RC, and the standard deviation of the
schedule length under the SGA, respectively, and (3) each

data point is the average of the data obtained in 100 exper-
iments.

Based on the simulation results in figures 2–9, we form
two tables, 3 and 4, in order to summarize our findings on the
performance of the SGA and the RC in terms of minimizing
the schedule length of meta-tasks. Specifically, tables 3 and 4
present the mean and maximum percentage of the decrease in
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Figure 5. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for low task, high machine heterogeneity under RC and SGA for
p = 50.

Figure 6. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for high task, low machine heterogeneity under RC and SGA for
p = 25.

the schedule length for SGA over RC. Note that, in the tables
(low, high) means low task heterogeneity, high machine het-
erogeneity and so on, and Low, Medium, and High means a
system with low variability, a system with medium variability,
and a system with high variability, respectively.

According to tables 3 and 4, it is evident that SGA outper-
forms RC in terms of minimizing the schedule length. Specif-

ically, SGA decreases the average schedule length by up to
61%. Knowing that the RC heuristic is the best among classic
heuristics, the performance of SGA seems to be outstanding.
We may attribute this performance gain to the following facts.
First, genetic algorithms are proved to be very efficient in
solving many hard optimization problems including the task
assignment problem and they most of the time produce bet-
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Figure 7. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for high task, low machine heterogeneity under RC and SGA for
p = 50.

Figure 8. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for high task, high machine heterogeneity under RC and SGA
for p = 25.

ter results than classic approaches. Second, SGA has a way
of accounting for the variances in task execution times. This
allows SGA to have more information on the characteristics
of both the meta-task and the computing environment, which
eventually leads to superior performance.

From the tables, we have also observed the following
trends. While the variability of the system increases, the

amount of decrease in the average schedule length under SGA
increases. The reason for this phenomenon is as follows. With
the increasing variability of the system, RC bases its schedul-
ing decisions on the mean task execution times which become
more and more irrelevant to the actual task execution times.
Thus, RC produces poor task assignments if the system vari-
ability is high. On the other hand, SGA is able to perform
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Figure 9. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for high task, high machine heterogeneity under RC and SGA
for p = 50.

Table 3
The percentage of the decrease in the schedule length for SGA over RC for
p = 25. The table shows that SGA outperforms RC for four distinct (task,

machine) heterogeneity and three different system variability.

Low Medium High
Mean Max Mean Max Mean Max

(low, low) 2 7 23 30 44 46
(low, high) 7 12 27 34 45 55
(high, low) 11 19 28 33 53 54
(high, high) 6 11 7 17 15 23

Table 4
The percentage of the decrease in the schedule length for SGA over RC for
p = 50. The table indicates that SGA outperforms RC for four distinct (task,

machine) heterogeneity and three different system variability.

Low Medium High
Mean Max Mean Max Mean Max

(low, low) 8 14 33 36 54 56
(low, high) 11 18 26 33 52 56
(high, low) 15 19 34 40 59 61
(high, high) 3 9 4 8 11 15

well even if the system variability is high, thanks to its de-
sign. The next observation is that increasing the number of
machines from 25 to 50 has helped SGA to widen the per-
formance gap between itself and RC if (task, machine) het-
erogeneity is (low, low), (low, high), and (high, low). This is
mainly due to the fact that increasing the number of machines
lowers the performance of RC more as compared to SGA.
We have an opposite case if (task, machine) heterogeneity is
(high, high), i.e., the performance gap between SGA and RC
is narrowing.

Another important performance objective is the standard
deviation of the schedule length. We observe that SGA most
of the time results in a lower standard deviation for the sched-
ule length as compared to RC. A crucial implication of this
result is the fact that the performance of meta-tasks under the
SGA is more predictable. Furthermore, we may attribute this
result to the inability of the RC in taking the variances in the
task execution times into account.

5.2. SGA versus DGA

This section shows the performance comparison between
SGA and DGA. It is worth to remind that SGA needs to com-
pute T̄F (X ) to assign a fitness value to a chromosome, while
DGA evaluates T̂F (X ) using the expected values of execu-
tion times. In addition, since the initial population of DGA
includes a chromosome into which the task assignment pro-
duced by RC is encoded, it is expected that DGA will compete
better than RC with SGA.

The simulation results are shown in figures 10–13 for
p = 50. Based on the results in these figures, we form ta-
ble 5 which summarizes our findings on the performance of
the SGA and the DGA in terms of minimizing the schedule
length of meta-tasks. Table 5 clearly indicates that SGA out-
performs DGA in terms of minimizing the schedule length.
Specifically, SGA decreases the average schedule length by
up to 65%. This performance gain is again due to the fact
that SGA accounts for the possible variations in the task ex-
ecution times when making scheduling decisions. From fig-
ures 10–13, we have also noted that SGA minimizes the stan-
dard deviation of the schedule length.
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Figure 10. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for low task, low machine heterogeneity under DGA and SGA.

Figure 11. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for low task, high machine heterogeneity under DGA and SGA.

When we compare table 5 with table 4, we surprisingly
observe that the RC produces better task assignments than the
DGA. As far as this result is concerned, one may argue that
DGA is supposed to improve on RC. However, this would be
true if the actual execution times of tasks were equal to the
expected ones. In order to justify our argument, we compare
DGA with RC when the actual execution times are the same
as the expected ones and we summarize the results in table 6.
As expected, DGA improves on RC by up to 29%.

6. Conclusions

This study has focused on revealing the fact that existing
scheduling algorithms whose objective is to minimize the
maximum of the expected values of machine loads may pro-
duce inefficient schedules in a computing system where the
execution times of tasks are stochastic. This fact has been
proved theoretically and also supported by an extensive set
of experiments. As shown in the previous section, using a
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Figure 12. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for high task, low machine heterogeneity under DGA and SGA.

Figure 13. Average schedule lengths of meta-tasks and standard deviation of schedule lengths for high task, high machine heterogeneity under DGA and SGA.

Table 5
The percentage of the decrease in the schedule length for SGA over DGA.
According to the table, SGA outperforms DGA for four distinct (task, ma-

chine) heterogeneity and three different system variability.

Low Medium High
Mean Max Mean Max Mean Max

(low, low) 10 16 36 38 55 57
(low, high) 9 15 26 40 54 57
(high, low) 12 17 36 40 61 65
(high, high) 3 10 5 10 15 26

Table 6
Average schedule lengths and the percentage of the decrease in the
schedule length for DGA over RC. According to the table, DGA im-
proves on RC for four distinct (task, machine) heterogeneity provided

that the actual execution times are the same as the expected ones.

RC DGA Improvement
Mean Max

(low, low) 425 392 9 15
(low, high) 738 714 3 4
(high, low) 700 552 19 29
(high, high) 274 250 8 10
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genetic algorithm designed to account for the stochastic na-
ture of task execution times makes it possible to obtain per-
formance improvements in the schedule length of meta-tasks
by up to 61%. Furthermore, the proposed genetic algorithm
is shown to decrease the standard deviation of the schedule
length. A challenge in devising stochastic scheduling algo-
rithms, however, is the computation of T̄F (X ), where differ-
ent probability density functions can be assumed for repre-
senting task execution times. In order to address this problem,
a way of computing T̄F (X ) based on the Erlang branching
distribution is developed.

According to [18], the width of a confidence interval
[tlb, tub] for the running time of a task on a time-shared ma-
chine is a linear function of the task’s nominal running time
(running time on a space-shared machine), where tlb and tub
are the lower and upper bounds of the confidence interval
computed to the task’s requested confidence level for the run-
ning time. In other words, the longer the task’s nominal run-
ning time is the more uncertain the task’s expected execution
time is on a time-shared machine. As a result, long-running
tasks on a time-shared distributed computing system will be
adversely affected by this uncertainty if such tasks are sched-
uled using heuristics similar to existing ones. On the other
hand, as we show in the previous section, one can always im-
plement the proposed SGA based on τ̄i,j , tlb, and tub in order
to produce high quality task assignments under uncertainty,
which further emphasizes the importance of the proposed ap-
proach in this study.

Appendix A. Computing an approximate PDF for the
maximum of two random variables

Let the coefficients of variations of both fYl
(t) and fUl−1(t)

be equal or less than one, that is, υYl
� 1 and υUl−1 � 1. Con-

sequently, fYl
(t) = f1(k, a, λ) and fUl−1(t) = f1(l, b, ζ ),

and fUl
(t) is found to be:

fUl
(t)= aλe−λt + bζ e−ζ t − ab(λ+ ζ )e−(λ+ζ )t

+ (1 − a)
λk

(k − 1)! t
k−1[e−λt − be−(λ+ζ )t

]
+ (1 − b)

ζ l

(l − 1)! t
l−1[e−ζ t − ae−(λ+ζ )t

]

− (1 − b)

[
aλ

l−1∑
i=0

ζ it i

i! + (1 − a)
λk

(k − 1)!

×
l−1∑
i=0

ζ it i+k−1

i!

]
e−(λ+ζ )t

− (1 − a)

[
bζ

k−1∑
i=0

λi ti

i! + (1 − b)
ζ l

(l − 1)!

×
k−1∑
i=0

λi ti+l−1

i!

]
e−(λ+ζ )t . (A.1)

If υYl
� 1 and υUl−1 > 1, fYl

(t) = f1(k, a, λ) and
fUl−1(t) = f2(b, ζ1, ζ2), and fUl

(t) is found to be:

fUl
(t)= aλe−λt + ζ2 − bζ1

ζ2 − ζ1
ζ1e−ζ1t − ζ1 − bζ1

ζ2 − ζ1
ζ2e−ζ1t

− a(ζ2 − bζ1)

ζ2 − ζ1
(λ+ ζ1)e−(λ+ζ1)t

+ a(ζ1 − bζ1)

ζ2 − ζ1
(λ+ ζ2)e

−(λ+ζ2)t

+ (1 − a)
λk

(k − 1)! t
k−1e−λt

+ (1 − a)

ζ2 − ζ1

λk

(k − 1)! t
k−1

× [
(ζ1 − bζ1)e−(λ+ζ2)t − (ζ2 − bζ1)e−(λ+ζ1)t

]
− (ζ1 − aζ1)(ζ2 − bζ1)

ζ2 − ζ1

k−1∑
i=0

λi ti

i! e−(λ+ζ1)t

+ (ζ1 − bζ1)(ζ2 − aζ1)

ζ2 − ζ1

k−1∑
i=0

λi ti

i! e−(λ+ζ2)t . (A.2)

If υYl
> 1 and υUl−1 � 1, fYl

(t) = f2(b, ζ1, ζ2) and
fUl−1(t) = f2(k, a, λ), and fUl

(t) will be given by (A.2).
If υYl

> 1 and υUl−1 > 1, fYl
(t) = f2(a, λ1, λ2) and

fUl−1(t) = f2(b, ζ1, ζ2), and fUl
(t) is found to be:

fUl
(t)= 1

λ2 − λ1

[
(λ2 − aλ1)λ1e−λ1t − (λ1 − aλ1)λ2e−λ2t

]
+ 1

ζ2 − ζ1

[
(ζ2 − bζ1)ζ1e−ζ1t − (ζ1 − aζ1)ζ2e−ζ2t

]
− 1

(λ2 − λ1)(ζ2 − ζ1)

×
[[
λ2ζ2 − aλ1ζ2 − bλ2ζ1 + ab(λ1ζ1 − 2λ2ζ2)

]
× (λ1 + ζ1)e−(λ1+ζ1)t

− (1 − b)(λ2 − aλ1)(λ1 + ζ2)ζ1e−(λ1+ζ2)t

− (1 − a)(ζ2 − bζ1)(λ2 + ζ1)λ1e−(λ2+ζ1)t

+ (1 − a)(1 − b)(λ2 + ζ2)λ1ζ1e−(λ2+ζ2)t
]
. (A.3)
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